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Abstract
Bone remodeling is metabolism of the bone through repetition of the resorption by osteoclasts and formation
by osteoblasts. Osteoblasts produce inorganic calcium phosphate, which is converted to hydroxyapatite, and
organic matrix consisting mainly of type I collagen, and then they deposit new bone to the part of the bone
resorbed by osteoclasts. Osteoclasts dissociate calcium by secreting acid and degrade organic components
by releasing lysosomal enzymes. Moreover, osteocytes in the bone play an important role in sensing various
physical loads and conveying signals to activate osteoblasts. These three kinds of cells are linked to each other
and perform the bone remodeling. Appropriate parameters representing the states of the bone and marrow are
introduced and a mathematical model describing the bone remodeling phenomena is presented. The model
involves an interface equation which determines the surface of the bone. The associated discrete model is
formulated and its stable solvability is veri4ed. Results of numerical simulations on a computer aided design
system are visualized and then compared to clinical bone data. This work may be applied to medical science
and in particular to dentistry.
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1. Introduction
This paper is concerned with mathematical and numerical approaches to the bone reformation
phenomena and computer simulations via mathematical and numerical models which describe the
processes and dynamics of bone remodeling. The study of bone remodeling is important from the
point of view of medical studies in bone diseases such as osteoporosis, physiological studies in
internal architecture of the bones and optimal installation of dental implants. Intensive researches
have been made in the related 4elds so far. Here it is emphasized that mathematical modeling linked
with computer simulations is a reasonable approach to systematize the knowledge concerning bone
reformation phenomena and clarify the biophysical and biochemical processes and their dynamics.
Bone remodeling is metabolism of the bone through repetition of the resorption by osteoclasts
and formation by osteoblasts. Osteoblasts produce inorganic calcium phosphate, which is converted
to hydroxyapatite, and an organic matrix consisting mainly of type I collagen, and then deposit new
bone to the degraded part resorbed by osteoclasts. Osteoclasts dissociate calcium by secreting acid
and organic components by releasing lysosomal enzymes. Moreover, osteocytes in the bone play
an important role in sensing various physical loads and conveying signals to activate osteoblasts.
These three kinds of cells and calcium are linked to each other and perform the bone remodeling.
Appropriate parameters representing the states of the bone and marrow are introduced and a mathe-
matical model describing the bone remodeling phenomena is presented. The state of the metabolism
is governed by a convective reaction-di:usion system. Also the model involves an order parameter
characterizing the state of the marrow and an interface equation which determines the surface of
the bone. The interface equation is coupled with the order parameter and it is shown that values of
order parameter and the associated values of the solution to the interface equation plot hysteresis
loops. This suggests an evidence of hysteresis phenomena in the bone remodeling phenomena.
Our aim is outlined as follows. First we give a mathematical description of the bone remodeling
phenomena and investigate the processes and dynamics through mathematical models and computer
simulations. These complex processes and dynamics are governed by various physical principles.
Biophysical phase transition processes of calcium are also taken into account. Secondly, we introduce
a PDE model and formulate a free boundary problem for a speci4c convection–reaction–di:usion
system in a 4xed universal domain  which represents a living body. A feature of our argument
here is to employ an order parameter W governing the phase trans of Ca and then formulate the
free boundary condition in terms of an interface equation of Hamilton–Jacobi type in  in order to
describe the dynamics of the bone surface. Thirdly, our main purpose in this paper is to present a
discrete mathematical model in which time-dependent domains, (t), are determined to represent the
time varying bone surface. In this model four dimensionless parameters A; B; C and W are employed
to represent the concentration of calcium, cell density of osteoblasts, cell density of osteoclasts and
an order parameter, respectively. The order parameter W takes its values in [−1; 1] and is supposed
to characterize three phases of calcium, namely, calcium ions in the marrow, calcium contained in
osteoid and mineralized in the bone. The concentration of calcium A in the bone is understood to
be the saturation rate A0 in the living body. Here on the boundary (t) of each (t) we impose the
0-Neumann boundary conditions for A; B; C and W . The boundary (t) is de4ned as the 0-level set
of a solution u = u(t; x) of the interface equation in the universal set . It should be emphasized
that at each position x∈, the mapping W (t; x) → u(t; x) forms a hysteresis loop as time t goes by.
Finally, results of computer simulations are compared to in vivo data.
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Fig. 1. Bone remodeling process.
This research was 4rst motivated by early work in [4] and our results here improve various aspects
of those presented in [2].
2. Bone remodeling phenomena
In the bone remodeling processes three kinds of cells play a crucial role. Observations under mi-
croscope suggest that bone surface is smooth in general and sharp corners disappear instantaneously
even if such corners appear at some time. Osteoclasts dissociate calcium by secreting acid and de-
grade organic components by releasing lysosomal enzymes. Osteoblasts produce inorganic calcium
phosphate which is converted to hydroxyapatite and then form osteoid with an organic matrix con-
sisting mainly of type I collagen. Osteoid is mineralized to deposit new bone to the part of the
bone resorbed by osteoclasts. Osteoblasts are then taken into the new bone and become osteocytes.
Osteocytes are living in the bone and play an important role in sensing physical loads and chemical
stimuli and in conveying the signals to activate osteoblasts. Bone remodeling is metabolism of the
bone through repetition of the resorption by osteoclasts and formation by osteoblasts. The process
may be decomposed into 4ve phases as depicted in Fig. 1.
Various kinds of physical and chemical stimuli a:ect these cells and calcium. Stress–strain distri-
bution in the bone generates piezoelectricity  ≡ (t; x) and may be described in terms of Maxwell’s
stress tensors. Such piezoelectricity provides time-dependent electric 4eld E=−∇ which propagates
in the marrow. Stress–strain distribution in the bone also motivates interstitial Iuid Iow. Osteocytes
are connected to each other through the capillary sized tubes and sense the interstitial Iuid Iows.
These biomechanical stimuli as well as pressure are also sensed by osteocytes. Osteocytes con-
vey this information to cytokines in the marrow which are local enzymes and cytokines convey
the biomechanical stimuli to osteoblasts and osteoclasts. In accordance which such biophysical and
biochemical stimuli, osteoblasts are activated and start forming new bone or else osteoclasts are
activated and start resorbing changed bone.
3. Continuous model of bone remodeling phenomena
In this section, we make an attempt to formulate a mathematical model describing the bone
remodeling phenomena in terms of convection reaction-di:usion system and interface equation. In
order to formulate a mathematical model describing the bone remodeling phenomena, we introduce
four parameters A ≡ A(t; x); B ≡ B(t; x); C ≡ C(t; x) and W ≡ W (t; x) in the following way: First,
we 4x a universal domain D in which the bone remodeling is supposed to take place and denote
by (t) a portion of D which represents the marrow at time t. In other words, (t) stands for
the domain of the bone remodeling at time t. Next, the parameter A represents the concentration of
calcium at location x∈D and time t. Here it is assumed that A(t; x) ≡ A0, A0 being the saturation
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rate, in the bone D−(t). The parameters B and C stands for the cell densities of osteoblasts and
osteoclasts at location x∈(t) and time t, respectively. The order parameter W takes its values in
[− 1; 1] and represents the three phases of calcium in the sense that A means the concentration of
calcium ions in the marrow (t) if W (t; x) = 1, the concentration of calcium on the bone surface
or in a part of the osteoid if −1¡W (t; x)¡ 1, and A(t; x)=A0 if W (t; x)=−1. The constraint that
W (t; x)∈ [− 1; 1] for t¿ 0 may be formulated by using the subdi:erential operator 9I[−1;1](·) in the
real line R of the indicator function I[−1;1](·) of [− 1; 1].
The motion of the bone surface is determined by means of a Lipschitz continuous function u ≡
u(t; x) on D such that for t¿ 0, u(t; x)∈ [−1; 1], u(t; x)=1 in an interior of (t), u(t; x)=−1 in an
interior of D−(t), and the boundary (t) of (t) is de4ned as the level set {x∈D : u(t; x) = 0}.
Therefore the bone surface at time t is represented as the level set {x∈D : u(t; x) = 0}. We now
formulate an equation for u which describes the dynamics and motion of the bone surface. For
this purpose, we 4rst recall that the outward normal v ≡ v(t; x) to (t) at x∈(t) is given by
ut=|∇u|. Hence, it is natural to determine the function u as a solution of the evolution equation of
Hamilton–Jacobi type
ut = V |∇u|; t¿ 0; x∈; (1)
where V = V (t; x) means the velocity of motion in the normal direction (t; x) of the bone surface
which is determined by the distributions of B and C in the marrow at time t. In what follows, we
call Eq. (1) the interface equation.
By means of the parameters introduced above, the state of the inside of the marrow may be
described as follows: First, the di:usion e:ects on the concentration of calcium, cell densities of os-
teoblasts and osteoclasts, and the phase transition of calcium are represented by dAKACdBKBCdCKC
and dWKW , respectively. Here dACdBCdC , dW are di:usion coeLcients and  is a Laplace operator
on (t) subject to the homogeneous Neumann boundary condition. Secondly, the advection e:ects
along the negative and positive directions of physical or chemical stimulation E ≡ E(t; x) at (t; x)
may be represented as −eAE ·∇A, −eBE ·∇B, and eCE ·∇C, respectively, where E is time-dependent
vector 4eld, eA; eB and eC are advection coeLcients and ∇ stands for the spacial nabla. Likewise,
aB∇B ·∇A and −aC∇C ·∇B mean the advection e:ects on osteoblasts and osteoclasts, respectively,
along the gradient of the concentration of A.
The e:ect on the release of calcium by osteoclasts and the mineralization of calcium by osteoblasts
may be expressed as CA − BA for some nonnegative coeLcients  and . The e:ects on the
decrease and increase of calcium, osteoblasts and osteoclasts in accordance with the level at (t; x)
of a physical or chemical potential  ≡ (t; x) are represented by −cBB and cCC, respectively.
Osteoblasts and osteoclasts are linked through the coupling described below, although they do not
tend to share the same location. This nature may be represented by adding the terms −BCB and
−CBC with appropriate coeLcients B and C .
Combining these mathematical descriptions, we formulate the following continuous model in a
noncylindrical domain
⋃
t¿0({t} × (t)):
At = dAKA− eAE · ∇A+ CA− BA− cAA; (2)
Bt = dBKB− eBE · ∇B+ aB∇B · ∇A
+ B
A
A00 + A
A0B− cBB− BCB; (3)
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Ct = dCKC + eCE · ∇C − aC∇C · ∇A
+ c
(
1− A
A00 + A
)
A0C + cCC − CBC; (4)
Wt ∈dWKW + BB− CC + 9I[−1;1](W ) (5)
together with the interface Eq. (1) for the velocity V de4ned by
V = Z; Z = B(t; x; B)− C(t; x; C); (6)
where  ≡ (t; x; Z) represents the rate of resorption in accordance with the value of Z in such a
way that
(t; x; Z) =


+(t; x); Z¿ ;
0; −¡Z ¡;
−(t; x); Z6− :
Eq. (5) describes the time evolution of the phase transition of calcium. The order parameter W
increases on the part of higher cell density of osteoblasts and decreases on the part of higher
cell density of osteoclasts. It is assumed that bone formation is motivated on the part where W
reaches 1, while that bone resorption is initialized on the part where W attains −1. Our model
does not contain any parameter representing the cell densities of osteocytes, although the role of
osteocytes is indirectly described in terms of coupling of osteoblasts and osteoclasts. Therefore the
presence of osteocytes is implicit in the model. It is known that osteoblasts are taken into osteoid
that is formed by themselves and become ostecytes during the mineralization of calcium. Osteocytes
convey signals to osteoclasts via osteoblasts and the activated osteoclasts perform bone resorption
which increase the concentration of calcium ions in the marrow. The high concentration of calcium
then motivate bone formation. In this way, the bone remodeling takes place and this linkage is called
the coupling of osteoblasts and osteoclasts. Our model involves four di:usion operators de4ned on
the time-dependent domain (t). We here impose the homogeneous Neumann boundary conditions
for A; B; C and W on the boundary (t) at each time t:
9A
9 =
9B
9v =
9C
9v =
9W
9v = 0 on (t); (7)
where v stands for the outward normal to (t). Condition (7) means that, at each time t, none of the
cells can penetrate the bone surface instantly, and the order parameter W does not directly a:ect the
inside state of the bone. Finally, it is a characteristic feature of our argument that the bone surface
(t) is determined as the zero-level set of a solution u to the interface equation (1).
For the detailed argument on this result, we refer to Kobayashi et al. [1] and to the recent work
of Matsuura et al. [3].
4. Discrete model
In accordance with the formulation of our continuous model, we here present a discrete model
for the bone remodeling. Our model is formulated in the form of a 4nite di:erence scheme for
discretized parameters associated, respectively, with A, B, C and W .
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First, we 4x a positive number l which will be suitably chosen later. We then choose D to be
a suLciently large rectangle domain [0; a]× [0; b] and de4ne a discretization Dl of D by means of
grid points (il; jl), i =−2;−1; : : : ; 2M + 2, j =−2;−1; : : : ; 2N + 2, such that 2Ml= a and 2Nl= b.
Using these grid points (il; jl), we de4ne the universal domain for numerical computation by
Dl = {(il; jl) : −26 i6 2M + 2; −26 j6 2N + 2}: (8)
In order to make stable and consistent computations for the discrete model, we employ the so-called
multi-scale grid generation. Namely, for each pair (i; j) with −16 i6M and −16 j6N , we
consider a cell (i; j)∗ whose components are (2i; 2j), (2i + 1; 2j), (2i; 2j + 1) and (2i + 1; 2j + 1)
so that Dl is subdivided into M × N subdomains l(i; j)∗ consisting of the four points (2il; 2jl),
((2i+1)l; 2jl), (2il; (2j+1)l), and ((2i+1)l; (2j+1)l)∈Dl. More precisely, (i; j)∗ and l(i; j)∗ are,
respectively, represented as 2× 2 matrices
(i; j)∗ =
[
(2i; 2j + 1) (2i + 1; 2j + 1)
(2i; 2j) (2i + 1; 2j)
]
;
l(i; j)∗ =
[
(2il; (2j + 1)l) ((2i + 1)l; (2j + 1)l)
(2il; 2jl) ((2i + 1)l; 2jl)
]
:
We then de4ne a coarser discretization D∗l of D consisting of the M × N subdomains l(i; j)∗ and
call each subdomain a position in ∗l , hence the computational domains D and l are written as
D =
M⋃
i=1
N⋃
j=1
l(i; j)∗; l =
M⋃
i=1
N⋃
j=1
l(i; j)∗ ∩ 
Secondly, we choose a positive number h to discretize the time variable t in such a way that t
is approximated by the multiples nh of h. The mesh ratio h=l2 is remained to be a constract ' so
that the so-called CFL condition for the di:erence scheme introduced below may be satis4ed. The
time size h and mesh ratio ' should be chosen in accordance with the norms of the coeLcients and
parameters.
In the universal set Dl of grid points, we de4ne a discretization kl of (nh) which represents
the approximate marrow at time t = nh. To this end, we 4rst formulate a discrete interface equation
on ∗l as a di:erence scheme
uk+1(i; j)∗ =Mu
k
(i; j)∗ + hV
k
(i; j)∗ g
k
(i; j)∗ ; i =−2;−1; : : : ; m+ 1; j =−2;−1; : : : ; n+ 1 (9)
which is consistent with the interface equation (1). Here uk(i; j)∗ is a value of a solution to (9)
which is de4ned on a position l(i; j)∗ and l is de4ned to be the union of positions l(i; j)∗ for
which uki; j6 0. Now the discretization 
k
l and the boundary 
k
l are both considered the unions of
subdomains l(i; j)∗. Hence at each time nh and position l(i; j)∗ ⊂ kl , we de4ne the outward normal
k(i; j)∗ to 
k
l as one of the four vectors (1; 0), (0; 1), (−1; 0) and (0;−1). The values V k(i; j)∗ represent
the velocity of the motion of kl in the direction of 
k
(i; j)∗ and the values g
k
(i; j)∗ approximate |∇u| in
(1) at l(i; j)∗ and are de4ned by
gk(i; j)∗ =max{|Dx;2luk |; |Dx;−2luk |; |Dy;2luk |; |Dy;−2luk |}; (10)
where Dx;2luk(i; j)∗ = (2l)
−1{uk(i+1; j)∗ − uk(i; j)∗}, and so on.
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We write Aki; j; B
k
i; j; C
k
i; j and W
k
i; j for the approximate values of A; B; C and W at time nh and
point (il; jl) and denote the associated functions Ak; Bk ; Ck and Wk on h PN×Dl, respectively, where
h PN = {kh: n = 0; 1; : : :}. For each (i; j)∗ we de4ne PAk(i; j)∗ to be the arithmetic mean of the four
numbers Akp;q, (p; q)∈ (i; j)∗. Likewise, the arithmetic means PBk(i; j)∗ , PCk(i; j)∗ and PWk(i; j)∗ are de4ned.
In order to de4ne the di:erence operators l and ∇l associated with the Laplacian  and spacial
nabla ∇, we employ the translation operators /x; l and /y;l de4ned by
/x; lAki; j = A
k
i+1; j ; /y; lA
k
i; j = A
k
i; j+1; /x;−lA
k
i; j = A
k
i−1; j ; /y;−lA
k
i; j = A
k
i; j−1:
The (central) di:erence operators l and ∇l are then de4ned, respectively, by
l = l−2(/x; l + /y;l − 4I + /x;−l + /y;−l); ∇l = [l−1(/x; l − /x;−l); l−1(/y;l − /y;−l)]:
Moreover, we write Ekij, 
k
ij, 
k
B and 
k
C for the approximate values of E, , B and C at time nh
and grid point (il; jl)∈Dl.
In view of the continuous model introduced in Section 3, our discrete model is formulated as
follows:
h−1(Ak+1i; j − Aki; j) = dAlAki; j − eAEki; j · ∇lAki; j + Cki; jAki; j − Bki; jAki; j − cAki; jAki; j; (11)
h−1(Bk+1i; j − Bki; j) = dBlBki; j − eBEki; j · ∇lBki; j + aB∇lBki; j · ∇lAki; j
+ B
Aki; j
A00 + Aki; j
A0Bki; j − cBki; jBki; j − BCki; jBki; j; (12)
h−1(Ck+1i; j − Cki; j) = dClCki; j + eCEki; j · ∇lCki; j − aC∇lCki; j · ∇lAki; j
+ C
(
1− A
k
i; j
A00 + Aki; j
)
A0Cki; j + cC
k
i; jC
k
i; j − CBki; jCki; j; (13)
h−1(Wk+1i; j −Wki; j) = dWlWki; j + kBBki; j − kCCki; j: (14)
Also, in the interface equation (12), we employ the velocity 4eld de4ned in Pkl by
V k(i; j)∗ = 
k
i; j[
k
B
PBk(i; j)∗ − kC PCk(i; j)∗]; (15)
in addition to the interface equation (9), where k(i; j)∗ ¿ 0 means the rate of formation if PW
k
(i; j)∗ =1
and k(i; j)∗ ¿ 0 means the rate of resorption if PW
k
(i; j)∗ = −1. Likewise, k(i; j)∗ = 0 means that no
remodeling processes take place at the position l(i; j)∗ ⊂ kl . Finally, we impose the following
conditions on the functions PAk , PBk , PCk and PWk which correspond to the homogeneous Neumann
boundary condition for PA, PB, PC and PW : If k(i; j)∗ = (1; 0), then u
k
(i+1; j)∗ ¡ 0 and u
k
(i; j)∗¿ 0. In this
case l(i + 1; j)∗ ∈ ∗l and the following identities are assumed to hold:
PA(i+1; j)∗ = PA(i; j)∗ ; PB(i+1; j)∗ = PB(i; j)∗ ; PC(i+1; j)∗ = PC(i; j)∗ ; PW (i+1; j)∗ = PW (i; j)∗ : (16)
Eqs. (16) in the other cases are formulated in the same way. These conditions correspond to the
homogeneous Neumann boundary condition.
The algorithm for making computations through the discrete scheme introduced above may be
outlined as follows:
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Fig. 2. Comparison between computer simulation and in vivo data: (a) numerical result and (b) in vivo data.
Fig. 3. Hysteresis phenomena in biological reaction: (a) shape of hysteresis loops and (b) numerical result.
Fig. 4. Calcium t = 600.
Step 1: CoeLcients contained in the model are assimilated by virtue of observational data and
biochemical-biophysical properties of calcium, osteoblasts and osteoclasts. Stability analysis for the
resultant numerical scheme is then made to specify an admissible range(0; h0) of time spacing h and
formulate the CFL condition for mesh ratios '= h=l2.
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Fig. 5. Osteoblast t = 600.
Fig. 6. Osteoclast t = 600.
Step 2: The initial domain 0l and boundary layer 
0
l of the marrow are set up and initial values
A0, B0 and C0 are assigned. The initial values W 0 of order parameter are determined by 0l .
Step 3: Given data at time step t = kh, a domain k+1l and parameters A
k+1, Bk+1, Ck+1, Wk+1,
uk+1 at the next time step t=(k+1)h are computed through (11)–(14) under the Neumann boundary
condition.
Step 4: If the order parameter Wk+1 exceeds the prescribed thresholds, then the velocity 4eld
V k+1 and gk+1 are determined by (10) and (15), respectively.
Step 5: If uk+1 at time step t = (k + 1)h attains −1 on the internal boundary ◦ k+1l , then the
adjacent part in the outward normal direction of the external boundary Pk+1l is changed to a part of
the marrow. If uk+1 attains 1 on the internal boundary
◦
 k+1l , the part where u
k+1 = 1 is changed to
a part of the bone. We then return to Step 3.
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Fig. 7. W t = 600.
Fig. 8. Calcium t = 1500.
5. Numerical results
In this section we present the results of computer simulations that we have recently performed by
use of our mathematical model of bone remodeling phenomena.
Our numerical results are compared with bone data around a dental implant which is supported by
newly formed spongy bone, as shown in Fig. 2. Our discrete scheme, consistent with the continuous
model is formulated by an appropriate choice of the mesh ratio ' and then applied to perform
computer simulations. It is generally recognized that spongy bone has the nature of a elastic body
which is suitable for 4xing dental implants in a stable and Iexible way. The numerical results
agree with in vivo bone data in a qualitative way. Our computer simulations reproduce repetition
of formation and resorption of the bone which may be interpreted as complex bone remodeling
phenomena. This bone metabolism is also observed by means of hysteresis loops in the W −u phase
space in Fig. 3.
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Fig. 9. Osteoblast t = 1500.
Fig. 10. Osteoclast t = 1500.
The left 4gure depicts a form of the bone obtained through numerical simulations and the right
4gure shows a horizontal section of bone structure supporting a cylindrical dental implant.
The left 4gure outlines possible hysteresis loops and the right 4gure depicts hysteresis loops
obtained through numerical computations.
6. Concluding remark
The bone itself consists of calcium and organic matrix. Osteocytes are living in the bone and are
connected to each other through capillary tubes. They sense various physical loads and chemical
stimuli and convey those information to osteoblasts and osteoclasts through local enzymes called
cytokine. There functions of osteocytes are taken into our model, although their distribution is not
explicitly parametrized. In this paper we have employed four parameters A, B, C, W to represent,
respectively, the concentration of calcium, cell densities of osteoblasts and osteoclasts, and the order
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Fig. 11. W t = 1500.
parameter which speci4es the state of calcium in the bone, that in the osteoid and that in the marrow,
and then we formulated a convection–reaction–di:usion system to describe the time evolution of
state in the marrow. The use of an interface equation of Hamilton–Jacobi type makes it possible to
describe the motion of the bone surface determined by formation and resorption of the bone which
are governed by solutions to the convection–reaction–di:usion system describing the state of the
marrow. Our multi-scale di:erence method allows us to install the discrete bone remodeling model
in computers. Also, it should be mentioned that our model can be extended to the 3D case in a
straightforward way.
In order to perform numerical simulations consistent with real phenomena, it is crucial to assimilate
adequate coeLcients involved in the discrete model. Therefore, the time discretization h and the CFL
condition for '= h=l2 are also speci4ed in accordance with the assimilation of the coeLcients.
Figs. 4–7 show numerical results at time step t = 600. The darkness of a part of the marrow
represents the concentration of calcium in Fig. 4, the cell density of osteoblasts in Fig. 5, and
that of osteoclasts in Fig. 6. It is observed that bone beams are formed in the marrow and begin
to support the implant installed in the middle. Figs. 8–11 describe numerical results at time step
t = 1500. The darkness of a part of the marrow indicates the concentration of calcium, cell density
of the osteoblasts, that of osteoclasts and the value distribution of order parameter, in Figs. 8, 9,
10 and 11, respectively. It is observed that bone beams are well-developed and support the implant
from di:erent directions. The bone structure is recovered in 6 months after the surgery on average
and the time step 1500 corresponds to 5 or 6 months. Once the bone structure has grown so that
the implant may be supported in a stable way, an arti4cial tooth is installed on the top of the
implant. Therefore, new physical loads such as stresses, strains and electric 4elds may be applied to
the implant directly, and so it is necessary to formulate new initial and boundary conditions in the
model.
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